In this paper, we consider the uniqueness of globally subsonic compressible flows through an infinitely long axisymmetric nozzle. The flow is governed by the steady Euler equations and satisfies no-flow boundary conditions on the nozzle walls. We will show that for given mass flux and Bernoulli's function in the upstream, the subsonic flow is unique in the class of all axisymmetric solutions, which possess the asymptotic behaviors at the far fields. This result extends the uniqueness of solutions in the previous paper Du and Duan (2011) [1].
Introduction
This is a continuation of our study the subsonic problem of the compressible flows in an axisymmetric nozzle. In the previous work [1] , we established the existence of globally subsonic flows throughout an axisymmetric nozzle, provided that the variation of the given Bernoulli's function B(r) is sufficiently small and the mass flux m is less that the critical value. More precisely, the authors constructed a special subsonic flow which is axisymmetric and possesses a zero-swirl component. Furthermore, we showed that such an axisymmetric flow is unique in the sense of the flow possessing a zeroswirl component. In this short paper, we will consider the uniqueness of the subsonic flows in a more general sense.
We investigate the steady compressible flow of ideal isentropic gas. The flow is governed by the conservation laws of mass and momentum, which provide the following system for velocity field u = (u 1 , u 2 , u 3 ), the density ρ and the pressure p,
In general, we assume p = p(ρ) is a smooth function with p ′ (ρ) > 0 and p ′′ (ρ) ≥ 0 for ρ > 0. For example, the state equation for the ideal polytropic gas is given by
where A is a positive constant depending on the entropy and γ is the adiabatic exponent between 1 and 5/3. The quantity is called the Mach number. The flow is subsonic for M < 1, sonic for M = 1 and supersonic for M > 1.
Suppose that the lengths of the nozzles to be considered are usually much larger than their cross-sections in the practical application, then the problem can be formulated mathematically into an infinitely long nozzle problem. In this paper, we always assume that the nozzle is infinitely long and axisymmetric as
Since the nozzle walls are impermeable, then the flow satisfies the following boundary condition The original problem of the subsonic flows in a nozzle is motivated by Bers in [2] , who asserted that there exists a critical value of the mass flux such that a global subsonic flow exists uniquely in a nozzle, provided that the mass flux is less than the critical value. Xie and Xin gave a proof to the irrotational compressible flow in 2-D and 3-D axisymmetric nozzles in [3, 4] . Recently, in [5] , Du etc. considered the problem for irrotational flows in arbitrary dimensional nozzles. For Euler flows, Xie and Xin obtained the existence and uniqueness of the subsonic flow through 2-D infinitely long nozzle in [6] .
The purpose of this paper is to show that there exists at most one axisymmetric solution to Eq. (1.1), which satisfies the same asymptotic behavior at the far fields and possesses the same mass flux. The result shows that the subsonic flows constructed in [1] are uniquely determined by the incoming mass flux and the asymptotic behaviors in the upstream, provided that the admissible flows are axisymmetric in the nozzle. This result provides an affirmation answer to an open question raised by the authors in the previous work [1] at least in the case of axisymmetric flows (see Remark 1.4 in [1]).
The main result and proof
Consider the problem in cylindrical coordinates, let the density and velocity field of the axisymmetric flows be ρ(x, r) and (U(x, r), V (x, r), W (x, r)), where U, V , W are axial velocity, radial velocity and swirl velocity respectively,
. Then, the cylindrical variables satisfy that
The axisymmetric flows satisfy
Define the mass flux of the axisymmetric flow in the cylindrical coordinates as
where Σ is any curve transversal to the x-axis direction and ⃗ l is unit normal of Σ.
Combining the continuity equation, when the flow is away from vacuum, the momentum equations are equivalent to
where h(ρ) is the enthalpy of the flow which satisfies h
. By (2.3), we reduce the Bernoulli's Law in cylindrical coordinates
is the so-called Bernoulli's function. In the previous work [1] , the authors assume that the Bernoulli's function is given in the upstream, namely, 
for some δ 0 > 0. The existence and the uniqueness of the axisymmetric subsonic flow without swirl has been obtained in [1] . 
Theorem A ([1]). Suppose the nozzle satisfies (1.2) and Bernoulli's function B(r) in the upstream satisfies
uniformly for r ∈ K 1 ⊂⊂ (0, 1), and Proof. It suffices to show that the swirl component of any smooth subsonic axisymmetric flow must be zero, provided that it satisfies the asymptotic conditions. The system of conservation laws (2.1) in the cylindrical coordinates can be written in a matrix form as where
t are the unknown variables. A direct computation yields that the eigenvalues of the symmetric system are
which are the solutions of
The symmetric system has at least two real eigenvalue λ 1,2 which implies we have to deal with the hyperbolic modes. Remark 2.1. The positivity of the axial velocity is crucial to the proof of the uniqueness, which guarantees a simple topological structure of streamline.
